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Abstract 

We prove a functional equation of the convolution of two paramod- 
ular forms of genus 2. An important application is the functional equa- 
tion for the twist spinor L-function of arbitrary Siegel cusp eigenforms 
of genus 2 with a primitive Dirichlet character. 

1 Introduction 

The analytic continuation and functional equation of the spinor-L-function of 
Siegel cusp forms is conjectured for arbitrary genus n and was proved for n = 

2 by Andrianov (cf. [1]). Kohnen and Skoruppa showed that this L-function 
is proportional to a Dirichlet series built from the Petersson scalar products of 
the Fourier-Jacobi coefficients fi whenever the first Fourier- Jacobi coefficient 
does not vanish (cf. [6]). The latter condition was removed by Gritsenko [2]. 
In [5] and [7] the functional equation for twists with a primitive Dirichlet 
character was derived under the assumption that /i ^ 0. In this paper we 
derive the general case allowing fx = 0. There for we follow the more general 
approach of a Dirichlet series for paramodular forms. 
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2 A normal extension of the paramodular 
group 

We first introduce some notation. If M G Sp n (R) is arbitrary we write 
M = (# * ), where A, B,C,D G R^. The matrices A, B, C, D are written 

A= (J^ a a ) etc.. Here A 1 G R( n_1 ' n_1 ), a± , a 2 G IR n_1 and «6R. We denote 

M, M analogously. 

Given iVeNwe define three subgroups of the Siegel modular group T n . 



r«,i 

r n>1 (n,n 2 /k) 



= {M G T n : c 2 = d 2 = 0, 7 = 0, 5 = 1}, 

= {M eT n : c 2 = d 2 = (TV), 7 = (iV 2 / K ) } , 

= {M G r n>1 (N,N 2 /k) :6 = ±1 (N)} . 



Let (Nt, (Nt) 2 /k) be the paramodular group 
Tf :={M e Z (4 ' 4) : MJ t M tr = J t }, J t 



( 




1 \ 
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-1 
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/ 



with analog divisibility conditions imposed on the last row. 

If d | t, gcd(d, |) = 1, xd - y\ = 1, x,y G Z, 77 G R and A G Z 2 ( n_1 > we 
will use 



M„:= 
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77 
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1 



\ 



W v := 



-I 
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D r , :-- 



( I 
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I 
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Vd 



t 



^ d xVdJ 



(Ay 



C, 



V 



By 



Dy 



1 / 



Here (c^dI) e T n _i is an arbitray but fixed matrix which has last row A tr . 

Let p be a prime and N £ N coprime to p. Furthermore suppose that 
k | iV. Recall T^* to be a normal extenstion of the paramodular group 
(cf. |:3). 

We define a similar extension of its subgroup given above. To do so, 
choose p* 6 N to be an inverse of p mod N and x, y G Z such that xp — y= 1, 
e.g. x = 1, y = p — 1. Let us consider 



where C/ 



— 1 

— p*p 1 



The matrix ( 17 tr v ) belongs to the paramodular group and P PiP usually 
is used to define a normal extension of this group. Since N \ (^/p- H P (N))^ 3 
we may use H P (N) to define an extension of T^}(Np, pN 2 / k) . 

Definition 1. We set 

rg* (Np, P N 2 / K ) : = (rg (N P , P N 2 /k) U {# P (iV)} 



For conveniance we will write 



i N := [T£f(p,p) : rJfr(JVp,^)]. 
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The last row of any matrix in this group is of type 

(pTVAi p^-X 2 pN\ 3 A 4 ) , where p \ A 4 , 
(pNX 1 p^X 2 pNX 3 pX 4 ) , where p \ A 2 , 
^/p(NX 1 p^X 2 NX 3 A 4 ), where pfAi, 
V? {pNXi p^X 2 NX 3 A 4 ) , where p \ A 3 



for one primitive A G Z 4 with gcd(X 4 , N) 
representatives of r^^rjfi* (Np, pN 2 / k) 



1 and this provides a system of 



Now let v, 9 | N and write e := ( o ... o 1 ) tr e Z n_1 . Then 

j .U,/.- : 7 e Z/9u 2 Z, d \ v, A e |l, . . . , - j L where 



M d>7 := 



1 



V 



A' - 



PI 



\ 



and M A as above is a set 

\2^\\ T ( AT m ^AT2 



Ndpt tr 1 / 

of representatives of 
F n>1 (Nup, (Nu) 2 p)\T njl (Np,pN 2 /9) and if n = 2 it is a set of repre- 
sentatives of the paramodular analog, too. 

We already know that any Dirichlet character \ with period N induces a 
character on r 2) i(iV, N), hence on T^l(Np, pN 2 / k) by means of x(M) = x($)- 
We extend this notion of character to the group above by means of 



X(M) = 



fx(S), if Me T { £(Np,pN 2 /K) 

[VxXvlxiMHpiN)- 1 ), otherwise, 



where \/x(p) is one fixed root 

If p = l(iV), let us use the following notation to distinguish different 
roots. Denote by x + the character where x + (H p (N)) = 1 and given k let 
X k ~ be the character such that x k ~ (H P (N)) = (— l) k . If A; is clear by the 
context we write x~ — X k ~ ■ 



3 Twisted Siegel modular forms 

The vector space of all (not necessarily holomorphic) Siegel modular forms 
of weight k with respect to a character x associated to a discrete subgroup V 
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of Sp n (M) will be denoted by [V, k, x\- The vector space of all corresponding 
cusp forms is denoted by [r", k, x)o- We now define twists of Siegel modular 
forms in [T^l* (p,p), k, li~]o- The special case p — 1 was treated by Kohnen, 
K. and Sengupta in [5] and all proofs are analogous. 

We use the following notations which are valid if we don't state differently. 
Let p be a prime, x be a character of period N, where p = 1 (N). Moreover 
let / G [rjj , k, li~]o be a holomorphic Siegel cusp form with Fourier- Jacobi 
series f(Z) = YZ=i fm{Z u w)e 2mmz . Then the twist f x of / by x is 



f x := X(m)f m e 2mv - 



We have 



f* = Tr E xMe- 2m ^ /N f \M, /N 



N 



and f x is a holomorphic Siegel cusp form in [T^l* (Np, N 2 p), k, (x 2 ) k ~ 

To prove this, note that H p {N)~ l M j±_H p {N)M_^ x ^ p * y ))/N is in 

T { il(Np,N 2 p). We obtain 



Jo- 



fx\BpW=jf E ^)e- 2 ^ /7V /|M,/^ p (iV) 

x—p*y)/N 

= (-l)Vx- 

If x is primitive a refined representation is given by 



x MAO 



Given z/ G N an immediate consequence is 



G 2 

f x \W Nvp G [rg*(iV^, (Nu) 2 p), k, 0, (x 2 ) fc lo and f x \W Np = -+f- 
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To prove that a certain difference of Eisenstein series vanishes we need 
one further statement. For instance let q \ N be a prime. Consider that 
YlivOp) + Nv/q) vanishes for arbitrary /i 6 Z. An easy application of that 
relation yields 

^2 fx \ M (Np) 2 u/q = °- 



4 Paramodular Eisenstein series 

This section follows the lines of [7], where the special case p = 1 was treated 
and Gritsenko's results for the special case N = 1 in [2]. 

Suppose k | N. Given Z G M 2 , s G C where fRz(s) > 2 the Klingen- 
Eisenstein-series for T^\* (Np,pN 2 / k) is given by 



M:r^l\r ( 2 P l*(Np, P N 2 /tz) 

and its completion is 



det 3m(M(Z)) V 
det Jm(M(Z))J 



Using the Epstein-^-function we prove that this series is well defined and 
converges locally absolutely uniformly for Z G H 2 , s G C where ^(s) > 2. 
Furthermore for fixed s it is in {T^i (Np,pN 2 / k) ,0,x + ]- 

The completed Eisenstein series has a meromorphic continuation. If both 
sides are defined, it satisfies 



E 



Np,pN 2 /K,x^ ' ' 



/ 



7r-y s / 2 iV 2 T( S ) £ X (A 4 ) 
Aez 4 \{o} 



iVA 3 
V A 4 / 



P?, 



/Np\ 1 \ 

Np\ 3 
V A 4 / 
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n- 2s £ X(S) 

a(N),/3( K ) 
7 (JV),5(iV 2 ) 



M-^C fa, (o, 

9(p) V 



- ' ' 1 ' 1 iV' k ' N' N 2 ' ; 



a /3 7 p5 + N 2 g 
N 2 p 



2„\ tr 



= A^ 2 * £ x (*) 



"WW 

7 (iV),5(JV 2 ) 



E c*Uo, 

hi,h2,hi(p) \ 

s(p) v 



pa + Nh x (3 p'j + Nh 2 p5 + N 2 h 3 



Np ' k' TVp 

a /? 7 p5 + N 2 g 
N' k' TV' ~PPp~ 



N 2 p 



tr 



If x is not the trivial character, this continuation is holomorphic. Otherwise 
it is holomorphic except for a simple pole at s = 2 with residuum 2k< ^ n "> . 

For a Proof note that 



(l+p- s )L(2 S)X )^ Jv2 jZ,a) 



p- s £ x(A 4 )Pz[ 

Aez 4 \{o} 



■p\ 2 
NX 3 

V a 4 / 



JV 2 

K 



/NpXA 



+ E x(A 4 )Pz[ 

Aez 4 \{o} 



and this yields the first statement. Using this we may continue 



E 



7r -.pS./2 JV -2 T(a) £ x(A4 ) 

Aez 4 \{o} 



/ Ai \ 
/ AT \ 

A3 
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/ Ai \ 

/ N ) 


\ 


A 2 




JV 


T 




/ 
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7i- s P 2 s N~ 2s T(s) 

, < — , / / K.h. \ 1 f n nR >y A \ tr 

. p, 



a{N),/3(K) V h(p) V V ^ 7 
7 (iV),<5(Af 2 ) 

fl(p) V ^ 



N k ' iV 

a /3 7 p5 + NV tr 
iV' /? iV' N 2 p 



P7. 



Analogously we may deduce the third representation. 

Since the meromorphic continuation of the Epstein ^-function is well un- 
derstood (cf. [9]), we know that only a simple pole at s = 2 may occure. Its 
residuum is 



a(N),f3(K) 
■y(N),8{N 2 ) 



2k ^ n ^> , if ^ is trivial 
, otherwise. 

□ 



4.1 The functional equation 



We will establish the functional equation in several steps. First we deduce a 
sum in terms of Pz- There for let xl be a primitive character with period L 
which induces X- Furthermore let LR be the minimal period of x an d kGN 
such that k I N . 



Proposition 1. We have 



E 



(p)* 



Np,pN 2 /k,x 
<f){R) K 

R G w 



'Z,2-s) 



r\R 



n- s T(s)(Lr) 2s X L(r) 



(jl(t) 



(^l)(A 4 



Aez 4 \{o} 



P 



■is/2 p 



W Np (Z)\ 



( LrpXi \ 
LrupXi 
LrpXz 
A 4 



+ p^ s P ] 



w Np {z) l 



/ Lr\ 1 \ 
Lrnp\2 
LrX 3 
A 4 



If we impose an additional assumption on k, we can deduce a more con- 
venient expression using the representation of the Eisenstein series above. 



8 



Corollary 1. Suppose that in addition k \ L. Then the functional equation 



E 



(p)* 

Np,pN 2 1 k,x 



(j>{R) K 



R G 



XL 



r\R 



holds. 



Proof (Proposition [T]). Using the second representation given above we 
get 



E 



(p)* 

Np,pN 2 1 k,\ 



(Z, 2-s) 



7r - T(s)7V - 2 ( 2 - s) J2 x (6) 



-y(N),S(N 2 ) 



V 



+p~ 



i(2- S )- 



h(p) AeZ 4 
^=(0,Kh/p,0,0) tr *+v^0 



■5(2--) 



£ ex p(- 27r M 



ff (p) Aez 4 \{o} 



a /? 7 p5 + N 2 g 
N' «' iV' ~Wp~ 



X)P z 1 [\r 



Set v := j-^ and replace Ai by iVAj., A 2 by kA 2 , A 3 by iVA 3 and A 4 by iWA 4 
after having evaluated the character sum. 



Tr-'T(a) 



RG Xl 



E (P)* , 
^Np,pN 2 /K,x y 



Z,2-s) 



N 2s X l(R) p-^ s Xl(^)^ ( T ) P z X \ 



xez 4 
Hp) 

v=(NXi, k\2,N\3, JV1/A4) 
v+(0, Kh/p,0,0)^0 



Aez 4 \{o} ^ 
g(p) 



( NXt \ 
\ NvX 4 ) 



-2mS-Nv\4 n-lr 

e P 



( NXi \ 

NX, 
\NvX±J 



where r = R/ gcd(i?, A4). 
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Now we fix one arbitrary r and consider the remaining sum. 



[p Xl{Xa)Pw Np (z)[ 
V Aez 4 



h{p) 

v=(N\i, k\2, NX3, Nv\i) 
v+(0,Kh/p,0,0)^0 
(R,X 4 )=R/r 



( NX, \ 

NKp\ 2 + Nnh 

N\ 3 

UX4 
p 



- — {x \-2m3-NuXt 



P^ 



W Np (Z) I 



Aez 4 \{o} 

9(P) 
(RM)=R/r 



( NX 1 \ 

NnpX 
NX 3 



\ 



1/X4 
v 



J 



We evaluate the sum over g and substitute A 4 by P7A4 and yX^ respectively 
and finally substitute p\ 2 + h by A 2 . Recalling that p = 1 (N) the expression 
yields 



(Lr) 2s x L {r){i(r)<P 



(7) E (te)(A 4 ) 



Aez 4 \{o} 



p 



3s/2 p 



W Nv (Z) I 



/ LrpX \ 
Lrnp\2 
Lrp\ 3 

V A 4 J 



+ V~ 2S Pw Np (z)\ 



( LrX \ 

LrnpX 
Lr\ 3 

V ^ J 



Since R is square free we may use (7) = and summing up the last 
expression for all r | R yields the proposition's statement. □ 

In general the Eisenstein series occurring on the right hand side are hard 
to treat. By summing up smartly we can reduce them to one single function. 



Proposition 2. Suppose that k \ L. Then we have 

.(W^(Z),2-s) 



9 

e\R 

n(R) xl(R) 



LR L 2 R 2 „ "jf 

-g-P,—w2rP,i rXl 



R 



(p)* 



Q LR P ,LRkp,1 r xl 



[Z, s) . 
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Proof. Use the functional equation above and consider the equation 

^ n(0)(t>(6)<t>(R/e) k ( r \rfr) w <p> (7 q) 

R /0 G W ^0( r ) JC 'Lrp ) r«rp,lrXL^ Z/ ' *> 

9 \ R v\ Kf 



XL r\R \e\R/r J 



Lrp, Lnrp, t r XL 



[Z, s) 



□ 



Until now we have succeeded in moving the major part of calculational 
complications to the left hand side in Proposition El We now develop a 
method for handling this. In this subsection we may again consider the 
weaker assumption k j N. Let q be a prime and r G N such that 
gcd(p, Nqr) = 1. 



Given Z G H 2 , s G C with 9te(s) > 2 we define £„* N 2 (-, s) in terms 



of 



E 



(p)* 

ATp, p7V 2 /re, x 



(p)=t 



s) |W, 



JVgp 



Proposition 3. Given Z G H 2 , s G C D\t(s) > 2 we have 
(i) The considered difference of Eisenstein series yields 

ZnIIn^JZ, s) = vr-(iVrg) 2 T( S ) £ X (gA 4 ) 

Aez 4 \{o} 

/ NqrXi \ / NqrpXi \ 



iVVr 2 



pA 2 
Nqr\ 3 
V <?A 4 / 



pA 2 
Nqrp\ 3 
\ <?A 4 / 



Z, si = 0. 



(«j Ifq \ N we have£%l* pN2/KmK ~, 
(™) £ N P * P N*/ K , q ,r, x (-> s ) e [ F 2,i (^TO (^) 2 ) 0, x] • 



(p)* / 

Np,pN 2 1 ' K,q,r,x 



TUftr _ c(p> I \ 

M N 2 r 2 q — °Np,pN 2 /K,q,r,x y - ' ' 
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Proof. In order to prove (i) we consider 



N 2s X^)(p s/2 Pw Np{ z)i 
Aez 4 \{o} 



/ NX! \ 

NX 3 
V A 4 / 



/NpXA 



+ p 3s/2 Pw Np{ z)[ 



N 



pX 2 
NpX 3 
V A 4 / 



(Nq) 2s x(^) 
Aez 4 \{o} 

s/2p 



V ^w Nqp (z) | 



/ NqX x \ 
NqX 3 



+ P 3s/2 Pw Nqp{ z)[ 



V A 4 ) 

We split the addends with respect to q | A 4 and q \ A 4 . 

(7r~T(s))) _1 ^$* tpN 2/ KtX (W Np (Z) , s) 
= ( 7 r-T( S )))- 1 E^^ i9x (^ p (Z), S ) 

+ (Nq) 2s ^) 
Aez 4 \{o} 

/ NqX! \ 



( NqpX! \ 

NqpX 3 
V A 4 J 



P s/2 Pw Nqp (z)\ 



N 2 q 2 



pX 2 
NqX 3 

V gA 4 ) 



+ p ^p WNqp{z) [ 



( NqpX! \ 
NqpX 3 

\ gA 4 / 



This yields (i) and (ii) is an immediate consequence since x(<?A 4 ) = if 
q | N . Applying the definition we prove (iii) and (iv) is again a consequence 
offi). □ 



5 First integral representation of ~Bf, g , x 

We are now going to prove two integral representations, which after beeing 
put together yield the functional equation of the spinor L-function. The first 
one is straight forward and the exceptional case p = 1 has been treated by 
Kufi in [7]. Recall the notation from section 4. 
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Let f, g be holomorphic Siegel cusp forms admitting Fourier- J acobi expansion 
f(Z) = YZ=if m {Zi,w)e 2mmz andg(Z) = £~ =1 g m {Z u w)e 2 ™™. Then the 
attached Dirichlet series is defined 

oo 

D f,g( s ) = /^(f m ,g m )m~ s 

m=l 

whenever it converges locally absolutely. Then the twisted Rankin convolution 
and its completion is defined to be 



)m s , 



D f,g,x( s ) = ^2x(m)(f m ,g m )i 

m=l 

B Lg Js)is = (^pj T(s)r(s - k + n)L(2s - 2k + 2n, X 2 )D f , g , x (s). 



Theorem 1. Let x^ be a primitive character with period L^ which induces 
X 2 . Let 9 be a natural such that 9 \ N/L^ 2 \ If 9 ^ 1 let x be primitive. Then 



we have 

fx \ w n p E pN/e,pNye\i NX v)(^ s ) \ w pn/b , 9 \W Np 

~w 

Here {•, } is the Petersson scalar product. 

Proof. The first and second argument have the common symmetry group 
r 2j i(iVp, (Np) 2 ). Since W^ p normalises this group, we see that the scalar 
product converges absolutely due to the polynomial growth of the Eisenstein 
series and 

fx \ w n p E p %e,pNy9M NX (i) \ W pN/e (;s),g \W Np 
= \ ^x E ^v/0,pAT2/ e 2 iljvX (2) \Di/e(-,s), g 

~5~ 
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Now we use induction on the prime divisors of 6. There for let 9 = 1 and 
apply the unfolding trick. 



H(s) 

^s N ^ {l +p s )r{s)Li2s ^ 1 {f x E^ pN2tlNx(2) (,s), g} 
= J f x (Z)~giZ)(detY 1 ) k - 3 {y-Y 1 - 1 lv]y +k - 3 dXdY 



r: 



(p) 



2,1 



/OO 
x(™>f)f P m f (Z 1: w)g pmg (Z 1 , w) 

{Z lt w)GFS m f> m v= 1 

y>Y-^~ 1 [v] ~2-K(m f +m g )py+2-Ki(m f — m g )px 

*e[0,A] ' 

• (det Y^-^y - Y-^Y+^dxdydudvdXidYi 
= p- 1 (4n)- s - k+2 r{s + k-2) 

/OO 
^xH(l™) _s ^ +2 /pm(2i, w)g pm (Z 1 , w) 

{Zl,W)e ^ • e- 4 ^ mY ^(detY 1 ) k - 3 dudvdX 1 dY 1 

= p- 1 (47r)-^ fc+2 r(s + k — 2)D f:9tX (s + k-2). 

This proves the statement if 9 = 1. 

Now assume 9 ^ 1 and g | # is prime. It suffices to show that 

{fx \ w n p £pN/e, P Nye*,q,e/q,x 2 ('> s ) \ Wn p > 9 \ Wn p} 

vanishes. By (ii) in Proposition 3 this is true if q \ N/9. Hence we may 
assume q \ N/9. 

The modular forms in the last equation have got Y\ 1 (Np, (Np) 2 ) as a 
symmetry group and M^ p normalises this group hence so does M^^a if 

v G N. Considering invariances of g and £ we find 

{/x^pW/e, P Af 2 /f 2 ,g,f/g,x 2 ^' s )' 51 } 

= a 5^ {f x M t N P) 2 ~ q S pN/e,pNye^ q ,e/ q , x ^'' s )' • 
This sum vanishes as mentioned in section 3. □ 
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An immediate consequence is 

Corollary 2. Suppose that x is primitive. Let x^ 2 ' be a primitive character 
with period which induces x 2 ■ Let L^'Ry^ be the minimal period of x 2 ■ 
Then we have 

= ii«3»(^)" 2 ' >! *" I ( 1+ ^) D '-( S + fc - 2 »' 

6 Second integral representation 

In this section we will prove a second integral representation. The ideas for 
this approach where first developed by Kohnen, Krieg and Sengupta [5] and 
strongly refined by Kufi [7]. 

We adopt the conventions of the last section and of the preceeding corol- 
lary. In addition set v := N/L^R^. 

Lemma 1. Suppose f,g G [T 2) i(p,p),k, ti] admitting Fourier- J acobi series 
as given above. 

Suppose d | v and A G Z 2x . Let C \ Nu, 7 G N such that gcd(7, ^) = 1 
and let e G {±1}- Choose 7* G N by means 0/77* = 1 (7^), choose p* by 
means of pp* = 1 (^f) and a minimal fi \ v such that C \ Nd/j. Let /i* G N 
such that [iii* = 1 (^f 2 ). 

If Md,c-y is chosen as in section 2 with 6 = — and M\ as in section 2, for 
any e 7 = 7 (z/) we /iawe a Fourier- J acobi series 

/ \W Nvp M d>Cl M x D e =Y,frn,CAx^(Z 1 ,w)e 2m ^ mz e 2mq ^?* m , 

m=l 

where f m ,c,d,\,e~, depends on 7 and 7* only by means of e 7 . If p \ m we have 

fm,C,d,X,€j = 0- 

If H = H* = I and Cv \ N, we have 

fm,C,d,X,e,e,{Zl, w) = C k f m (z t , Cw + ^1 (^dAj + dA 2 )^) 

2^m(g>) 2 (Z 1 ^Af+^A 1 A 2 ) 

e v / e " . 
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Proof. Set 



#1 := 



H 2 := 



/ 1 

(1-P7P*7*)C 
Nv 






\ -vi 

/ ,, Ndpti 

H c 


1 

Nv j 

c / 


V 


C t 1 



H 3 : = 



H 4 := 



( 1 

1 


dpp*fi*fir 




1 




V 




1 / 


/ 1 

1 


Nd 2 p 2 p*e 1 \ 
Cv 






1 




\ 


1 / 





where r = 67 7 . Now caluculate 

V 

~E z H 2 H x W P W Nvv M dfil M x D t . 
If \i = 1 and CV | iV choose /i* = 1 and consider 

□ 

-D^M^HiHsHiHxWpWNvpMiarMxDe. 

The second ingredient will be a character sum. All calculations are those 
of Kuft [2 p. 48] and we reproduce them only for conveniance. Observe that 
we don't multiply by v~ 2 . 

Lemma 2. Suppose v \ N and let x 2 be induced by a primitive character 
with period L. Moreover let LR by the least period of x 2 ■ Set r : = 
N/gcd(N,Lu). Given /3, 7 G Z choose (3*, 7* G Z such that (3(3* = 77* 



Ifi 



1 (Nu). If m e Z we /iave 



e jvi/ 



P{Nu)> 
(9=7 (i/) 



^ X (-m)x (2) (^)x^ (^) (?) G|G>, £ | 1/ 

0, otherwise. 



In particular A XjV (m) = x( m )A XjV (l). 
Proof. We have 



0=1 iy) 



/3(Nv) 
-y(Nu) 
,3=7 (!/) 



V 



2mm 



f3(Nu) 
r(N) 

= » Yl X(P(P + w))x(r)e 

p(N)x 
r(N) x 



2mm jj 



N 



r(N) x 

= v X {m)G x xW + v)), 

Using G x x(f3 + v) — X] 7 (at) x x(l) e2m ^ +v ^* we ma y continue 
A XtV (m) = vx{m)G x ^ xW + v)) 
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X /3(N) X 
7 (AT)x 

0(N)* 
7 (AT)X 

= ^x(-m)^ Yl X{^)x{l)e 2m ^ + ^ 

0(N) X 
7 (AT)X 

/3(iV)x 
7 (iV)x 

= vx(-™)-£ Yl X{l) 2 e 2m ^ 
= v X (-m)-Z £ (W 2) )(7)e : 



N 

l(LRY 

N 



The sum involving r vanishes if f z/. Otherwise we have 
^(m) = ^(-m)5 £ (W 2 ))( 7 )e 2 -^ 

7 (Li?) x 



where 

N N 



r 



■ x (2), 



Using these lemmas we are able to deduce 
Theorem 2. We have 
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Proof. The integral is well defined and converges absolutely due to the 
Eisenstein series' growth. Thus we may calculate using (ii) of Proposition [3] 
and considering the definition of {•, •} 

H(s) := {f x \W Np E^ pN/u _ 2 (.,s),g\W Np } 

= { M N P *m P ,x*(-> s )> trace (fx\W Nvp g \W Nup (det Jm(-)) fc ) } . 
Here we apply the trace operator 

trace : \T®*(Nvp, {Nv)*p), 0, [t) + ] — [^(Np, Nup), 0, (x 2 ) + ] 
f^- c Yl {x 2 ) + (M)f\M, where 

M:V^l*(Nup, (Nu) 2 p)\T^l* (Np, Nup) 

c = [F%l*(Np, Nup) : T%j*(Nup, (Nufp)) = Nv 3 . 

We use the system of representatives given in section 2 with 6 = ^ and 
adopt the notation of M dn . We now define 

trace (f x \W Nvp g \W Nup (det IJm(-)) fc ) =: ■ (det 3m(-)) k 

and find 

G x S = Yl \W Nvp M d ^ um M x g \ W Nvp M d fiM x 

d\v 

Ae{i,...^} 2 >< 

P(Nu) 

B(3 ~ Cl J / I W Nup M d)Cl M x g\W Nvp M dtBp M x . 

d\v ^ V ' 

Ae{i,..,f} 2 * 

B\Nu,p(^) X 
B(3=C-y{u) 

We consider the scalar product and apply the unfolding trick. Consider 
that S is invariant if we apply D t , where e G {±1}- In addition we sum the 
fundamental domains T^} and D-\T^\. 



(n- s N V s/2 (1 + p- s )T(s)L(2s, X 2 )^ 1 ) 1 H(s) 
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1 



(detY 1 ) k ~ 3 (y-Y 1 - 1 [v}) s+k -' i ^ G Y S \D t (Z)dXdY . 



y>Y- 1 [v] 

*e[o,±] 

We start showing that all "bad" addends of S vanish. 

We apply lemma Q] to / and g and adopt the notation of fP> B \ fJ,^ as well 
as m B , P* and ep and m c etc.. We fix B, C, d and A and choose e 7 and ep to 
be 1 if v ^ 4 and otherwise to be either 1 or —1. 

Considering the integration over x we get the expression 



e 



p' 



If this doesn't vanish we have p \ rriB,mc and hence 

C 2 B 2 



Assume ^S B ' ^ 1 or /i^ 7^ 1. For reasons of symmetry we may suppose 
that /i( c ) ^ 1. 

We then find 2// c )z/ | C. Indeed, since z/ 7^ 1 follows from fj,( c ' ^ 1 we 
have 2u \ A. Then from v 2 {C) = u 2 (Ndp^) it follows 2^ c h \ C. 

So instead of ^ 1 we may assume 2^v I C. Then by 2u \ C and 
C I Nv we find 2 | A and hence 4 | A, since x is primitive. By f3B = 
7C (y) we see z/ | B and on the other hand we may assume ^(-B) = v^iy) 
since otherwise x ( B/3 ~ C7 ) already vanishes. Since 2z/ | A we then have 
£> I A and conclude iiS B > = 1. 

Equation (00) gives 4 | tub- We now regard the sum over (3. Given (3 
define in the system of representatives we are summing over in terms of 
{3 = (3-^§ (^). We see gcd (ft, = 1 and ep = e~ p . Since (3 and (3* are 
odd a direct calculation yields 

= (3* + ^ for any /3* such that = 1 (^f) . 
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Observing that due to 4 | m B we have 

the exponential subexpression is the same for (3 and (3. Since /? and (3 are 

distinct and /3 = f3 we then see that the sum over /3 vanishes. Hence we 
may always assume 2^ c ^u \ C as well as \ B. In particular we have 

/i (B) =/i (C) = 1 _ 



We set 



S=(B,C), b 



B 

7' 



c 
7' 



Then by (pQ) we find ran — c 2 m, mc = b 2 m for one m G N. We may assume 
5 | z/ since otherwise % 7 ) vanishes. 
We consider 



E - E 



7(^) X 



oil Nu^ 
3 \Sbcj 



E 



<5fe/3=<5c7 (i/) 



Observing that 



56c i j 7 

q | -BC, q prime 



max{i/ p (B), ^p(C)} 



we see z/ | |^ and thus if /3 = /3' we have ep = and analogously for 
7. Moreover the constraint 5b[3 = 5cy (z/) may be imposed only on (3' and 7'. 

We now treat the exponential expression. Observe (3 = (3' ij^) if and 
only if f3* = f3'* (|^) and analogously for 7. We have 



m6hch lt 
iVV 

m6bcC Wc 

iVV 



6m e Z, 
cm G Z. 
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Hence we can consider the inner sum 



E 



_ / 5bf3 — 5c~y 
X 



/3-7 



vanishes whenever 



If Sbc \ v then N \ ^ and the sum vanishes. Thus we may assume 
<56c | v. Then by 56/3 = 5c r y (z/) we see that (c, z/) = (6, z/) = 1 hence 

b = c = 1 and 5 | za If v 1 the expression x (' 
5 = v since (3 and 7 are odd. Hence we may assume 8 ^ v if u ^ 1. 

We consider the sum given above and write it differently. Observe that 
ep = €p' whenever (3 = (3' (v) and analogously for 7. In addition e 7 = e@ 
except if i/ = 4 and 5 = 2. Then the character vanishes if e 7 = and hence 
we consider 

/3 — 7^ _2mm^f^p" 
v_ 
5 



fm,5,d,\,e,e,(Zli W ) ' 9m,6,d,X,e,€ g , (Zl, w) . 



* 

e 6 {±l} 
7(^) X 

We have Cu,Bu = bv \ N and thus by (pQ) on page [15] / m ... and <? mi ... only 
depend on e, e 7 and ep by means of ee 7 and respectively. Hence we may 
consider an inner sum. 

By ((21) on page [16] this inner sum vanishes if 5 7^ 1. Otherwise it equals 



2j A^ I/ (mp*)/ mAdjA)li£ (Zi, w) • # m ,M,A,l,e(Zl, w). 

6g{±l} 

We now see Bp = Cu — v \ N and by (CD) on page [[5] we know fm,5,d,\,i,t 
and g m ,s,d,\,i,t- These functions depend only on d and A by means of d\i and 
d\ 2 . Hence we may define A = {1, . . . , z/} 2 and use the periodicity of f m and 
g m . Observe that since S is a finite sum of cusp forms the integral over the 
Fourier series converges absolutely and we may reorder it. 



7T 



WV S/2 (1 + P - s ns)L(2s, X 2 )-I_G^ 1 H(s) 
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J (detY 1 ) k - 3 (y-Y 1 - 1 [v]) s+k - 3 ]T G Y S\D e {Z)dXdY 



! 1 

2 ' 2 J 



j/>r 1 - 1 H 

*e[0,± 



fc+2 



^r(s + A;-2)(47r)- s - fc+2 y (detFx)^ 3 ^ A 



r 111 ASA 

we[- 



2 ' 2 I 



/ m [Zx,w + {Z x \i + A 2 ) ] g m ( Z 1 ,w + (ZiXi + X 2 ] 



V \ V 



Jm)m s k+2 



• f m (Z u w)g m {Z 1 ,w)e- inmY i~ 1[v] dX l dY l dudv 
= ^(s + Jfe - 2)(4n)- s ~ k+2 4v 2 A %v (l) D f,gd s + k-2). 

Using j2j) on page [16] we get 

H(s) = ^ s N 2s p^ 2 (l+p~ s )T(s)L(2s, X 2 )^Gf 

±T(s + k - 2)(47r)- s - fc+2 4^^(l) J D / ,^( S + * - 2) 
= /i( J R)x (2) ( J R)G'^(2 ) pf- 1 (l+p- s ) 



/ 7T \ fc -~ 



)^ 2 %,^ + ^-2) □ 



i N N 2 \N 2 J 



7 The final result 

We are now able to deduce the functional equation of the spinor L-function. 
This will be a consequence of 



23 



Corollary 3. Let p be a prime, f,g G [T^*,k, l\ ] . Let x be a primitive 
character of period N such that p = 1 (N) . Then we have 

"W«) = ||P 3(fe " S-1) (l +P" (fc " s) )(l +p-( s - fc+2 ))- 1 D /i ^(2A: -2-5). 

For applying this to the spinor L-function we use a representation of 
Gritsenko. Unfortunately he didn't make this representation explicit. Hence 
we indicate how to obtain it, using his notation. Given a holomorphic Siegel 
eigenform / which is a cusp form such that the Fourier- Jacobi coefficients 
satisfy /i = 0, f p ^ , by [2j theorem (4.8)] we have 

L(2s - 2k + 4,l p )D SymP/jF/p 
= L(2s -2k + 4, t p ) ^</* p , m 2 ~ k f p \ k T W (m))(mp)- s 

m>l 



p- s L(2s -2k + 4, l p )J2(f* mp kT^im) , / p >m" 



m>l 



p -( (p _^- 2s -l (/p;/p) 

* + p a - a -)(/ p | fc Ti 1) (p)2f ) (p) ,/„>) Z,(*) 



p~ s (l -p 



k-2-s\ 



)( P +(-i)Y~ s )(f p j p )z f (s). 



We denote the twist by Ih. Recalling p = 1 (JV) a straight forward 
calculation yields 



■lf|^-2- S ). 



So finally we have to consider the indices of non vanishing Fourier-Jacobi 
coefficients. 



Corollary 4. Let f ^ be a Siegel eigenform associated to the full modular 
group which is a cusp form. Then the spinor L-function associated to any 
primitive Dirichlet character x with given conductor N satisfies the functional 
equation 

Zj(s) = (-l) k ^Zj(2k-2-s). 
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Proof. The functional equation was proven in [7] if j\ ^ 0. Hence suppose 
fi = 0. By the preceding calculations it suffices to prove that for each N G N 
there is a prime p N = 1 (N) such that f PN ^ 0. 

Fix N and /. We proceed by first showing that there is a non- vanishing 
Fourier coefficient of / whose integral but not necessarily even lattice index 
contains one vector v such that the associated quadratic form evaluated at 
v - which we will call its value - is a unit and a square mod N. Then we 
will deduce that we may choose such a lattice to be primitive. Finally we 
use the correspondence of values mod N represented by quadratic forms and 
ray classes of quadratic number fields to obtain pn- 

Suppose there is no integral lattice with non-vanishing Fourier coefficient 
which contains one such vector v. Let A be any primitive integral lattice. We 
will show that is Fourier coefficient vanishes, too. This follows immediately 
if there is a vector whose value is a unit and a square mod N. Otherwise 
consider Theorem (6.1) in [4]. According to [10] A contains infinitely many 
vectors whose value is a prime. One of them has value which is a unit mod N. 
Choose a prime q \ N which is non-square mod N . Using Walling's notation 
A 9 contains therefor a vector whose value is a unit and a square mod N and 
hence all Fourier coefficients associated to any lattice containing A q vanish. 
Since / is an eigenform so does the Fourier coefficient associated to A. The 
lattice A was arbitrary primitive and hence this is a contradiction to Lemma 
(4.7) in m 

There is an integral quadratic form which represents a squared unit 
mod N and whose Fourier coefficient doesn't vanish. We claim that there 
is such a quadratic form T which is primitive. We may chose a minimal 
value r, which is a square and a unit mod N, represented by any such form 
and consider the associated Fourier- Jacobi coefficient. Consider the proof of 
Theorem (4.7) in [3]. Using Gritsenko's notation the lines 

f d {F\ k T(e)}(r,z) = (f r {F}\ k T + (e))(r, z) and 

f r (r, z) exp(2viW) = ^ a(N) exp(2m(tr(NZ))) 

at=(* *)e® 2 

only involve quadratic forms which represent a squared unit mod N. To see 
this in the first line note that r | is a unit and a square mod N if ab = e \ r. 
Hence the argument of Gritsenko yields the claimed existence of T. 

Note that T also represents a value a at = 1 (N). We now use an idea pre- 
sented for example by Zagier [TO]. The matrix T corresponds to an ideal class 
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in the narrow sense t of an imaginary quadratic field K = Q{\J— det(T)). 
The existence of yields an element of t which has norm over Q. We 
now consider the ray class group associated to the principle ideal (N) C Q K 
in the integers of K. We know that there is ray class t' containing an element 
which has norm ajv = 1 (N). Then by theorem VII(13.2) of [8] there are 
infinitely many splitted prime ideals in t' by the same argument Zagier uses 
in pUl sec 6]. This yields the existence of Pn- D 
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